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The study of Fermat’s last theorem (FLT) has led, among other things, 
to the consideration of exponential congruences and powerful numbers (the 
natural numbers n, such that if p is any prime which divides n, then p2 
divides n). 
Namely, if p is an odd prime and if there exist integers x, y, z, not mul- 
tiples of p, such that xp + yp = zp (i.e., the first case of FLT is false for p), 
then 2p- ’ = 1 (mod p*), and more generally 1 p- ’ = 1 (mod p’) for every 
prime 1< 89 (see [12, 51). 
Quite recently, Granville [4] showed that if there do not exist three con- 
secutive powerful numbers, then the first case of FLT is true for infinitely 
many pri,mes p. 
The purpose of this note is to elaborate on the connection between 
exponential congruences, powerful numbers, and Fermat’s last theorem. 
The tools will be certain results about Catalan’s equation, as well as 
theorems of Schinzel and Tijdeman, based on Baker’s method. It is con- 
venient to state these facts explicitly: 
(A) Gerono [ 131: If I is a prime and m > 2 then I” + 1 is not a 
proper power (square, cube, etc...). 
(B) Lebesgue [ 133: If u > 2 then a* + 1 is not a proper power. 
(C) Euler, Chao Ko [13]: If u2- 1 is a cube, then a= 3; if a 2 2 
then a2 - 1 is not a kth power, when k > 4. 
(D) Nagell [9]: If a >, 3 then a3 + 1 is not a proper power. 
(E) Ljunggren [7]: If x # 0, &- 1, n f - 1 (mod 6) and if there exists 
y>,l such that (x”-1)/(x-l)=y3 then n=3, x=18 or -19,y=7. 
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(F) Tijdeman [18]: There exists an effectively computable constant 
Ci > 0, such that if x, y, z, t are integers, x, y 2 1, z, t 2 2, and xi - y’ = 1, 
then x, y,z, t<C,. 
(G) Schinzel and Tijdeman [17]: Letf(X) E Q[X], with at least two 
distinct roots. Then there exists an effectively computable constant 
C = C(f) > 0, such that if x, y, z are integers, 1 yJ 2 2, z >, 1, and f(x) = y’, 
then z < C. 
(H) Schinzel and Tijdeman [ 173: Let f(X)E O[XJ, with at least two 
simple roots. Then there exists an effectively computable constant 
C = C(f) > 0, such that if x, y, z are integers, 1 y( > 2, z 2 3, and f(x) = y’, 
then x, y, z 6 C. 
(I) Schinzel and Tijdeman [17]: Let ME Q[X], with at least 
three simple roots. Then there exists an effectively computable constant 
C = C(f) > 0, such that if x, y, z are integers, 1 yl> 2, z 2 2, and f(x) = y’, 
then x, y, z < C. 
1. EXPONENTIAL CONGRUENCES AND THE FIRST CASE OF FLT 
According to the theorems of Wieferich, Mirimanoff, Vandiver, Pollac- 
zek, Morishima, Granville, and Monagan, z! the first case of FLT is false 
for p then 
lP-‘z 1 (mod P*) 
for every prime 1 G 89. 
Since 2p- i f 1 (mod p*) for p < 6 x lo9 (except for p = 1093 and 3511) 
and 3p-1 f 1 (mod p*) for p = 1093 and 3511, then the first case of FLT is 
true for every p < 6 + 109. Even better, it holds for p < 714,591,416,091,389, 
as follows from the combination of the above criteria, using Gunderson’s 
method [6]. 
From Wieferich’s criterion, it is immediate [l 1 ] that the first case of 
FLT holds for every Mersenne prime number p = M, = 2” - 1 (q prime); for 
example, it holds for M216091, which is the largest prime known today. 
Similarly, if L > 1 let JV~ = {p prime 1 there exists c < 1, p j c, such that 
pc = u ) v, with every prime factor of uv at most equal to L}. 
It is also easy to see that $p E A’& then the first case of FLT is true for p. 
Adleman, Heath-Brown, and Fouvry combined their efforts to prove 
[ 1,3] that the first case of FLT is true for infinitely many primes. This was 
established appealing to very fine and difficult new results in sieve theory. It 
is natural to ask whether the same result may be achieved by other 
means-but this remains to be seen. Anyway, some possible paths will be 
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proposed below; at present, they appear to be at least as difficult as 
Fouvry’s approach. 
For kal and any prime Z>2, let Wjk)= {p primellP-l=l 
(mod P”)}. 
Thus ~‘4’“;‘) is the set of all primes different from 1. 
Heuristically, the probability for the existence of a prime p G x such that 
lp-’ E 1 (mod p’) is equal to 
p 
c ~=loglogx+O(l). 
s x 
So, for every 12 2, the set Wj*) should be infinite. On the other hand, if 
k > 3 the probability for a prime p < x to satisfy lp- I s 1 (mod p’) is at 
most equal to C, f x (l/pk-‘)<[(k-l)<co. 
Thus, the sets WJk) (with k 2 3) should be finite. 
Now, for every 12 2 and k > 1, let Mik) = {p prime ( there exists s > 1 
such that 14 u,(Z” + 1) <k} (where vp denotes the p-adic valuation). 
Clearly J’“{‘)G.,V~~)EM~~)E ... and lJ,GssJl/‘~l)c~&. 
In view of a result quoted above, if there exists a prime 1~ 89 such that 
Jj’) is infinite, then the first case of FLT is true for infinitely many primes. 
Up to now, it is not known whether ~V”jl) is infinite (for any prime I). In 
1968, in a rather unnoticed paper, Puccioni [ 111 showed that IY I is a 
prime, I f + 1 (mod 8), then J”j’)u W j3) is an infinite set. Heuristically, 
Wj3’ is a finite set (up to now, no number in Wi3) is known), thus J’-(r) is 
heuristically infinite. 
The following proposition contains the result of Puccioni, with a 
modification of his proof: 
PROPOSITION 1. For every k 2 1 and prime 13 2: 
(1) Mlrjk)nWjk+l)= 0 $1~6 1 (mod 2k+‘), 
(2) if/= 1 (mod 2k+‘), 
(2) Jqk’ u w  )” + *) is an infinite set. 
Proof: (I) First, it will be shown, by induction on k, that 
Njk)nWjkcl)s (2). 
If k = 1 and p is an odd prime such that p~J(rjl)n Wj*), then 
1P-‘=1(modp2) and thereexist ~21, cbl, such thatplc, I”+l=pc; 
since 1P=1(modp2) then I”rIPS=(p~-l)P= -1 (modp*), sop2)IS+1, 
which is absurd. 
Assume the statement true for k 3 1. First note that Jlrjk) n Wjk+ 2, s 
,.Vjk)n Wjk+l)s (2). It suffices to show that (Xlk+ ‘)\Mjk)) n 
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?(lrck+‘) = 0. Let p be a prime in this set, so 1P-’ G 1 (mod pk+ *) and there 
exiets ~21, c>l, such that plc, l”+l=~~+~c; since lPfl(modpk+*) 
then 1”rIPs~(pk+1c-l)P(modpk+2). Ifpf2 then 1” -1 (modp’+*), 
which is absurd. If p = 2 then I” s 1 (mod 2k+2) and 2k+ ‘c E 1” + l s 
2 (mod 2k+2), h ence k + 1 = 1 and k = 0, which is absurd. 
This shows that Mjk)n Wjk+l)~ (21. 
Finally, if 2 E Xl”) nWjk+l) then Irl (mod2k+1). 
Conversely, if 1=1 (mod2k+‘) then 2~Wj~+‘) and 1+1 
2 (mod 2k+1), so 2 E Nj” c Jqk). 
(2) In this proof, (G) will be used and for the polynomial 
f(x)=2Xk+l- 1, let C be the corresponding effectively computable 
constant. 
If JVjk’ u Wj” + *) is assumed to be finite, let m be a prime number such 
that m>Cand m>max{p(pE.Njk)uWjk+*)}. Let P=nlzqGrnq (each 
factor q being a prime number). Hence 4(P) = nl+qdm (q - 1) and so, 
d(P) is even and greater than C. 
It is clear that 1#(‘) E 1 (mod P). Also, if q # 2 and q divides I+(‘) + 1 then 
q > m-otherwise, I# q < m, so q divides P, hence I)(‘) - 1 and q = 2. 
By the result of Gerono, stated in (A), Id(‘) + 1 is not a proper power. 
First case. There exists a prime q such that qk+* divides I+(‘)+ 1. 
If q = 2 then 1 is odd and I 6(P)= - 1 (mod 8). But 1* = 1 (mod 8) and 
IB(‘) = 1 (mod 8), which is absurd. 
So q # 2, hence q > m, therefore q )4(P). 
Let g be the order of I modulo q, hence g divides q - 1. But q I 124’p’- 1, 
so g [2#( P), and therefore 24(P) = gh, with q not dividing h. 
Since qk+* divides I@‘-- 1 = (Ig- l)(lg(h-l)+ Ig(“-*)+ . . . + lg+ l), 
and 1 g E 1 (mod q), then the second factor above is congruent to 
h & 0 (mod q). Therefore q k+2 divides lg- 1. So 14-l E 1 (mod qk+*), that 
is q E WI” + *) and hence, q<m, which is a contradiction. 
Second case. If q divides I)(‘) + 1 then qk + * does not divide I”(‘) + 1. 
Since lbcp) + 1 is not a (k + 1)th power, there exists a prime q such that 
qll ((p) + 1, but qk+ ’ j I#(‘) + 1. Hence q E Njk) and q i m. This implies that 
q = 2, so /b(P) + 1 = 2=tk+ ’ , where 1 <e < k and t is odd. But I is odd and 
4(P) is even, so 1 d(p) f 1 (mod 4), hence e = 1, that is 14(p) + 1 = 2tk+‘. 
Thus, the integers t, I# 0, 4(P) > 1 are solutions of the equaton 
2Xk + ’ - 1 = Y? Hence d(P) < C, which is an absurdity. 1 
The following question is open: do there exist infinitely many primes 1 
such that IP- ’ f 1 (mod p*)? In other words, is Wj’)\Wi*) an infinite set? 
In this respect, Powell showed [ 14) that Uk Odd(Wjk)\Wjk+ ‘)) is an 
infinite set. Thus, heuristically, (Wj’)\Wi*)) should be an infinite set. 
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2. POWERFUL NUMBERS AND THE FIRST CASE OF FLT 
A natural number n is powerful whenever: if p is any prime dividing n, 
then p* divides n. 
It is easy to see that n is powerful if and only if it may be written in the 
form n = a2b3 (where a, b 3 1); moreover, if b is squarefree, the represen- 
tation is unique. 
My recent expository paper, “Impuissants devant les puissances” [ 151, 
deals with some of the questions being studied in relation with powerful 
numbers. Here, the main concern is a conjecture of Erdiis [2], which was 
repeated, unknowingly, by Mollin and Walsh [8]: 
(E) There do not exist three consecutive powerful numbers. 
Mollin and Walsh showed that each of the following conditions is 
equivalent to the conjecture (E): 
(E,) If a, b are powerful numbers, a is even and b is odd, then 
a2-b#l. 
(Eb) If m > 0 is squarefree and m E 7 (mod 8), if t, + pi fi is the 
fundamental unit of Cl!(&), if tk + uk &= (t, + u1 ,/&)” for k >, 1, and if 
tk is even and powerful, for some odd k, then either uk is even or m does 
not divide uk. 
Thus Mollin and Walsh verified, with m = 7, that up to k = 114,254,287 
the assertion (EL) is satisfied. 
Here are some related conjectures: 
(E’) For every k > 1 let nk be the powerful number distinct from 
and closest to 2k; then lim, _ m Ink - 2kl = co. 
(E”) There are at most finitely many integers k >, 1, such that 2k - 1 
or 2k + 1 is powerful. 
(E”‘) There are at most finitely many integers k > 1, such that 2k - 1 
is powerful. 
(E”) There are at most finitely many even integers 2k > 2, such that 
22k - 1 is powerful. 
Of course, (E’) S. (E”) * (E”‘) 3 ( Eiv). 
Consider also the conjecture: 
(E*) There exists only finitely many triples of consecutive powerful 
numbers. 
Then (E) =S (E*) => (E”). Just note that if 22k - 1 is powerful, then so are 
the consecutive integers 2k - 1, 2k, 2k + ‘. 
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Consider the statement: 
(W) #(p prime)2P-’ f 1 (modp*)}=oo 
or equivalently, the set 9#‘“~‘)\%‘J*) is infinite. As already mentioned, this is 
heuristically true. Also, by Wieferich’s theorem, (W) implies,that the first 
case of FLT is true for infinitely many primes. 
Granville has proved [4] that (E) implies (W), which provides a very 
interesting and surprising connection between powerful numbers and the 
first case of FLT. It will be shown below that, in fact, (E”) already implies 
(W)-but the proof is almost verbatim to Granville’s. It is included here 
for the convenience of the reader, and to stress that only the weaker 
assumption (E”) suffices. 
The lemma below was indicated by De Leon (in connection with a 
problem of Powell [lo]): 
LEMMA 1. Zfp is an oddprime, m32,p(2”--1, undp2)2P-‘-l then 
p* 12” - 1. 
ProoJ: Let g be the order of 2 modulo p, so g divides p - 1 and m. 
Then 2g=l+ap and writing p-l=gh, 2P-‘~2gh~(1+ap)h~ 
1 + hap (mod p”) so pla, hence 2g3 1 (mod p*) and finally, 
2” = 1 (mod p*). 1 
PROPOSITION 2. (E”) implies (W). 
Proof. If (W) is false, then there exists pO such that if p is any prime, 
p > pO, then 2p- ’ z 1 (mod p*). 
Let t=ll,,, P9 so 4(t)=rI,.,(P-1). 
For every h > 1 let a,, = 2 h’b(r) Then a,, - 1 is a powerful number. Indeed, .
2 does not divide a,, - 1. If p is a prime, 2 < p < p,,, then p(p - 1) divides 
t&t), so from 2Pcp- ‘) z 1 (mod p’) then 2h’b(‘) = 1 (mod p*), i.e., p* ) a,, - 1. 
Finally, if p,, < p and pJu, - 1 then by the hypothesis and lemma, p* 
divides a,, - 1. 
This contradicts (E”). 1 
The above conjectures (E”), (E”‘) suggest the consideration of Fermat 
numbers, Mersenne numbers, and the well-known theorem of Bang and 
Zsigmondy: 
If a> b 2 1, gcd(u, 6) = 1, then for every m > 1 (with the exception of 
a = 2, b = 1, m = 6), there exists a prime pm which divides a”’ - b”, but does 
not divide uh - bh, for every h dividing m, h <m). 
pm is called a primitive prime divisor of 8’ -b”, and p,,, does not divide 
uh - bh, for every h, 1 <h cm. 
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Consider the statement: 
(B2) There exist infinitely many m > 1 such that 2” - 1 has a 
primitive prime divisor p, for which pi does not divide 2” - 1. 
LEMMA 2. (E”‘) implies (B2). 
Proof Suppose that there exists m,, such that for every m > m, and, for 
every primitive prime divisor pm of 2” - 1, pt divides 2” - 1. Let q be a 
prime, q > m,, let n = q’, s > 1, and let 1 be a prime divisor of 2@ - 1; then 1 
is a primitive prime divisor of 2qh - 1, for some h, 1 <h 6 s. Hence 
1’ 1 2qh - 1, so also I2 [ 2@ - 1. This shows that 2@ - 1 is powerful, for every 
s z 1, contrary to the hypothesis (E”‘). 1 
Note that (B2) A (W) is precisely Lemma 1. 
This shows that (E”‘)*(W), which follows, of course, from 
Proposition 2. 
Concerning Fermat and Mersenne numbers, the following conjectures 
were spelled out by Schinzel: 
(F) There exist infinitely many squarefree Fermat numbers. 
(M ) There exist infinitely many squarefree Mersenne numbers. 
Consider also the following weaker conjectures: 
(F’) There exist infinitely many Fermat numbers which are not 
powerful. 
(M’) There exist infinitely many Mersenne numbers which are not 
powerful. 
LEMMA 3. (F’) * (B,) and (M’) * (B,). 
Proof. For the first implication, it is enough to show: if the prime num- 
ber p divides F,, but p* 1 F,,, then p is a primitive prime factor of 2*“+’ - 1 
and p* 12*“+’ 
P2 i 2*“+’ 
- 1. It is clear that ~!2~‘--1 and pj22”f’-1, but 
- 1. If p is not a primitive prime factor of 2*“+’ - 1, then it is a 
primitive prime factor of 2*‘- 1, with 1 <e < n. But p f 2*‘-’ + 1 = F,- L 
(since Fermat numbers are pairwise relatively prime), hence pJ 2*‘-’ - 1, 
which is a contradiction. 
Since every prime divisor of a Mersenne number is necessarily primitive, 
then (M’) =- (B,). 1 
Let 
9( M ) = { p prime ) p divides some Mersenne number }, 
z@*)(M) = {p prime 1 p2 divides some Mersenne number}, 
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B(F) = {p prime ( p divides some Fermat number}, 
9(‘)(F) = (p prime I p* divides some Fermat number 1. 
The sets B(M), B(F) are infinite, because Mersenne numbers, as well as 
Fermat numbers, are pairwise relatively prime. 
Rotkiewicz [16] and Warren and Bray [19] showed: 
LEMMA 4. P(F) A -Wp) = P(*)(F), 
B(M) n Ws2J = P(‘)(M). 
It follows: 
LEMMA 5. IfVi*) is finite then (F’) and (M’) are true. 
Proof If there exists n, such that for every n >n, the number F,, is 
powerful, since Fermat numbers are pairwise relatively prime, by Lemma 4, 
wi2) is an infinite set, contrary to the hypothesis. 
The proof is the same for (M’). 1 
It should be noted that, heuristically, %‘j2) is an infinite set, so this 
lemma is likely uninteresting. 
3. SOME REMARKS ABOUT CONJECTURE (E) 
(E) implies: 
(E, ) For every even integer m > 2, the number m4 - 1 is not power- 
ful, i.e., m2 + 1 or m* - 1 is not powerful. 
This statement, in turn implies: 
(ET) There exists only finitely many even integers m 2 2 such that 
m4 - 1 is powerful, i.e., m2 + 1 and m* - 1 are powerful. 
This suggests that one consider whether, giuen a > 2, it is possible to find 
even integers m such that m4 - 1 is of the form a2b3 (with b 2 1). This is, of 
course, a substantially weaker problem, but one which may be studied with 
the present methods. 
PROPOSITION 3. Let e > 1. Then, for every even integer m, m*“’ - 1 is not 
of the form ahbk, where k=O or k>2, h>2, bal, aal and the number 
v(a) of distinct prime factors of a is at most equal to e. 
Proof. First note that m*‘+‘- 1 = & is impossible, with f 2 2, m > 1, 
c 2 1, e 2 1. Indeed, f # 2; if f = 3 then by Euler’s result, m2’+’ = 9 so e = 0, 
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against the hypothesis. Finally, if S a 4 it is also impossible, by Chao Ko’s 
result (C). 
Thus m2’+’ - 1 = ahbk is impossible with a = 1 and k B 2, or with k =0 
and ha2. 
Let k >/ 2 and assume that there exists m even, b 3 1, such that 
m2’+’ _ 1 = ahbk where a = p;’ . . . p:, 1 <r < e, si> 1 (for i = 1, . . . . r), and 
p, , . . . . p, are distinct primes. It will be shown, by induction on r, that this is 
impossible. Since m is even then m*” - 1, m*’ + 1 are relatively prime. So 
where { 1,2, . . . . r} = I u J, In J = @, gcd(b,, b2) = 1, pi 1 b2 for every i E 1, 
pith, for every jEJ. 
If J= 0 then m2’ + 1 = b$ (k > 2), which is impossible, by Lebesgue’s 
result (B). If J # 0, then 0 < # (I) < r, #(I) < e - 1, and by induction, the 
first equation is impossible. 
In particular, for every even integer m, the number rnztii’ - 1 is not of the 
form a2b3, with b >, 1, and v(a) d e. m 
The above proposition may be extended, as will be indicated. 
Let C1 be the Tijdeman constant, associated with Catalan’s equation (see 
(F)). Let q be an odd prime, and for every i >, 2, let f,(X) be the cyclotomic 
polynomial associated with qi; let Ci be the constant indicated in (I). 
PROPOSITION 4. Let e 2 1, let q be an odd prime, and 
m,=max{C1,C2,...,C,+,f.Ifm>m,,andm $ l(modq) thenm4+‘-1 is 
not of the form ahbk, where k>2 or k=O, h>2, b>l, a>,l, and v(a)<e. 
Proof The proof is similar to that of the preceding proposition. 
If k = 0 the equality m fl+’ - 1 = ah is not possible, when m am0 > C, . 
Letk~2andassumethatm4”-1=ahbkwithh>,2,b~1,O~v(a)~e. 
If v(a) = 0, the above relation is impossible, because m > C, . Let 
a = n;=, p;, where p, , . . . . p, are distinct primes, si < 1 (is 1, . . . . r), 
1 < r = v(a) d e. If f,(X) is the cyclotomic polynomial associated with qi, 
then m@+’ - 1 =(m@-- l)f,+l(m). Since m$l(mdq), then 
gcd(m@-- 1, f,, ,(m)) = gcd(m@-- 1, q) = 1. Hence 
mfl-l= ( > ,? P: h b: 
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where { 1, 2, . . . . r}=ZuJ, ZnJ=@, gcd(b,,b,)=l, pi.lb, for every ill, 
pj[ b, for every jc J. 
If J= @ then f,, i(m) = b$ (k 2 2), which is impossible, since 
m>m,>C,+,. If J#@ then O,< #(Z)<r, so #(Z)ie- 1. By induction, 
the first relation is impossible, because m 3 m, 2 max(C,, Cz, . . . . c,}. 1 
It is possible< to obtain a better result when h = 2, k= 3, taking into 
account the results of Nagell (D) and Ljunggren (E). 
The same proof yields: 
PROPOSITION 5. Let e 2 1, let q be an odd prime, q & - 1 (mod 6). Then, 
for every m, m f 1 (mod q), the number m@’ - 1 is not qf the form a2b3, 
with b > 1 and v(a) < e. 
Now, the possibility of rnT+’ - 1 = a2b3 when e < v(a) will be discussed; 
more specifically, the equations X2 - 1 = a2Y3 or even X2 - 1 = ah 
a > 2, h > 2, k > 3. 
PROPOSITION 6. Let a > 2, h > 2 be given. 
1 ( 1) There exists C > 0 such that if k > C then for every m > 
is not of the form ahbk, with b 2 2. 
Yk with 
,m2-1 
(2) There exists C’>O such that if m 2 1, b 2 1, k> 3, and 
m2 - 1 = ahbk, then m, b, k < C’. 
Proof: (1) Consider the polynomial f(X) = ( l/a”)(X2 - 1). The asser- 
tion follows at once, applying the theorem of Schinzel and Tijdeman, 
quoted in (G). 
(2) This follows similarly from (H) and Chao Ko’s result. 1 
It should be noted here that, despite the above result, given b 2 2 there 
exist infinitely many integers m > 1, a >, 1, such that m2 - 1 = a2b3. Indeed, 
consider the real quadratic field a(,/%) and let x + y fi be a fundamental 
unit, with x2 1, ya 1. Then, for every ia 1, (x+ y 3,” = ci+ dib ,/$ 
with positive integers ci, di, SO c? -eb3 = 1, thus C: - 1= eb3, with Ci, 
di> 1. Note that this situation is not ruled out by the results of Schinzel 
and Tijdeman. Also, if b is even then each ci is odd. If b is odd and di is 
even, ci is again odd; finally, if b and di are both odd, then ci would be 
even, however, this case contradicts the conjecture (E,), as formulated by 
Mollin and Walsh. 
The final result concerns the family of equations 
E,: X2-1 =ahyk, 
where a > 2, k 3 3 are given and the parameter h 2 2. 
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Foreveryha2, let Zh={(m,b)Im>l, ~521, m2-l=ahbk). 
By (H), Z,, is finite (and even effectively computable). Let 
B,=max{bI(m, b)cZh}. 
LEMMA 6. Let a > 2, k 2 3. For every h > 2 there exists e > 1 (depending 
on a, k, h) such that if h’ = 1 +fk, f 2 e, then Z,,, = 0. 
Proof Let f> 1, h’ = 1 +fk. If (m, b)~ Z,,, then m2 - 1 = 
ahzhbk = ah(ahfb)k, so (m, ahfb) E Zh. 
Taking e such that ue > B,, and f > e then Zh’h = 0, otherwise 
a’ < ah/b < Bh < ae, which is absurd. 1 
For every N > 2, let 
D,= {h12<h<N,Z,=(ZI}. 
PROPOSITION 7. rf a > 2, k 2 3 then lim inf, _ o. ( # (D,)/N) 2 l/k. 
Proof. Note, to begin, that for every N> 1 there exists m such that 
mk<N<(m+l)k; hence 
m #(Dmk) #(D,v) -.-<-. 
m+l mk N 
Thus, it suffices to show that for every E > 0 there exists m, > 1 such that if 
m 2 m, then # (D,,,k)/mk > (l/k) - E. 
Let t > 1 be arbitrary, and let pI < p2 < . . . < p, be the smallest t prime 
numbers such that pi- 1 (mod k). Let P, = I-I:=, pi. 
For every pi, consider the equation E,,, let ei > 1 be the smallest integer 
such that a” > B,,, and let p,f = 1 + e,k. 
Let K= K, = p, max{p;, . . . . pi} and let m be such that m > K. Define 
S=S,,,={2<h<mkIthere exists i, l<i<t, such that h=p,h, 
with hi= 1 (mod k)}, 
S’=S;,,= {hESIK<h}. 
Then S c S’ u { 1, 2, . . . . K}; note also that if h E S then h z 1 (mod k). 
Moreover, s’ c Dmk because if hES’ then h=pihi>K>,pipl, so hi>pj. 
By Lemma 6, Zh = ZP,hi = 0, thus h E Dmk. 
Then # (Dmk) 2 #(S’) 2 #(S) - K. 
In order to find a lower bound for # (S), first note that if p is a prime, 
pzl (modk), if x is such that (l+xk)p<mk<(l+(x+l)k)p then 
x<((mk/p)-l)/k=m/p-l/k<x+l, so x>(m/p)-(l/k)-1. Similarly, 
if p - p’ are distinct primes, p E p’ E 1 (mod k), if y is such that 
(l+yk)pp’<mkc(l+(y+l)k)pp then y<((mk)/(pp’)-l)/k<y+l, 
so Y G (mh’) - (l/k). 
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Proceeding in the same way, 
, F lm 1 
where the sums are for distinct primes p, p’, p”, . . . belonging to the set 
{PI 7 P2, . ..v p,}. Using the Mobius function, the above sum may be rewrit- 
ten as 
-l~.,p,~m-- 
i[(:)-(:)+(:)- -1 
-[(i)+(i)+ -1 
cm- C $p(4-k-2z-J 
4 PI 
+3&y)+-1 
=m[l-fi,(l-~)]-~-2’-1. 
According to Dirichlet’s theorem, 1, ~ 1 Cmod kj (l/p) is divergent, hence 
np E 1 (mod k) (1 - (l/p)) tends to 0. 
So, given E > 0 there exists t such that Hi= 1 (1 - (l/pi)) c k&/2. Let m, be 
such that m,>K=K, and ((l/k)+2’-‘+k)/m,<kE/2. 
If m > m, then # (Dmk)/mk > (1 - (k&)/2)/k -s/2 = I/k - E, completing 
the proof. 1 
To conclude, I shall indicate some open questions. 
(a) Do there exist only finitely many even powerful numbers m such 
that m2 - 1 is powerful? 
(b) Do there exist only finitely many even integers m such that 
m4 - 1 is powerful? 
(c) Is it true that 
lim #(mj2<m<2M, m is even, m4-1 is not powerful} 
A4 
= l? 
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(d) Is it true that 
lim, _ m l/M # (m 12 <m < 2M, m is even and there exists e 2 1 
such that m*'+'- 1 is not powerful} = l? 
A positive answer to any of the above questions implies that the suc- 
cessive answers are also affirmative. 
Let a > 2 be given. Does there exist an effectively computable constant 
C>O, such that if x, y> 1, 24 ~22, and uxU-y”= 1, then x, y, u, u<C? 
Does there exist an effectively computable constant C> 0, such that if 
x, y, z > 1, t 3 2, and z’ + 1 = x2y3, then x, y, z, t < C? 
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